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Abstract. Let (M, g) be a 2-dimensional compact Riemannian manifold. In this paper, we use 
the method of blowing up analysis to prove several Moser-Trdinger type inequalities for vector 
bundle over {M,g). We also derive an upper bound of such inequalities under the assumption 
that blowing up occur. 

1. Introduction and Main results 

Let (M, g) be a 2-dimensional compact Riemannian manifold. One of Fontana's results (see 
[F]) says 

/■ a«2 J < +00 if a < 47r 
sup / e = < , 

/^JVM|2dys=i,/^^«dK,=0J M [ =+00 if ayiir 

which extends Trudinger and Moser's inequalities (see [Tj, (M])- A weak form of the above 
inequality is 



(LI) log f e"dK < — f iVupdK + / udVq + C 

for all u G H^''^(M), where C depends only on the geometry of M (see jM], 0). The inequality 
has been extensively used in many mathematical and physical problems, for instance in 
the problem of prescribing Gaussian curvature f |Chj . |C-Yj . |D-J-L-W] 1. the mean field equation 
and the abelian Chern-Simons model (' |D-.)-L-W2| . |D-.)-L-W3| . |J-W| ^. ect. 

In this note we want to derive some new Moser- Trudinger type inequalities. We will consider 
a smooth vector bundle E with metric h and connection V over M. Throughout this paper, we 
do not assume V/i = 0. To simplify the notations, we write 

Ho = {a e H^'^{M, E):Va = 0}, 

and Hi = Hq, i.e. 

Hi = {a£ H^^^{M, E) : [ {a, C)dVg = 0, for all C e Hq}. 

Jm 

We state our main results as follows: 



Theorem 1.1 Let {M,g) be a 2-dimensional compact Riemannian manifold, {E,h) be a 
smooth vector bundle over {M,g), V and Hi be defined as above. Denote 

ni = {aeHi: [ (V(j, \7a)dVg = 1}. 
1 
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Then we have 

sup / e^^l'^l't/T/g < oo, 

aeHi JM 

where |(Tp = {a,a)h , and the constant A-k is sharp, which means that for any a > Att, 



sup / e"'*^' dVg = oo. 
o-eHi Jm 

As a corollary of Theorem 1.1, we have 

Corollary 1.2 There exists a constant C such that 



JM 



holds for all a & Hi. 



We remark two special cases of Theorem 1.1: If ii^ is a trivial bundle, Cj is global basis of E, 
with 

{ei,ej)h = hij and Ve^ = 0, 

then we have the following: 

Corollary 1.3 Let {M,g) be a 2- dimensional compact Riemannian manifold. Given an pos- 
itive symmetric matrix H , we denote 

ni = \u (£H^'^{M,W) : [ VUHVU^dVg = l, [ UdVg = o\, 
I Jm Jm J 



then we have 



sup / e^-^^^'dF, < +00, 
ueHi Jm 



where Att is sharp. 

If is a trivial line bundle with (e, e)h = f{x), Corollary 1.3 is exactly Yang's result |Y] . 
A complete analogue of Theorem 1.1 is the following: 

Theorem 1.4. Let {M,g) be a 2-dimensional compact Riemannian manifold, {E,h) be a 
smooth vector bundle over {M,g), V and Hi be defined as before. Denote 



Then we have 



n2 = WeHi: [ {Va,Va) + \a\'^)dVg = 1}. 
Jm 

sup / e^^l'^I'dFg < oo, 
Ten2 Jm 



where the constant Att is sharp. 

The proof of Theorem 1.1 is outlined as follows (the proof of Theorem 1.4 is completely 
analogous to that of Theorem 1.1, so we omit it). Let us define Jo((7) = /^// e^l'^'^dV^. We first 
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show that the sup of Ja can be attained in TYi if q < An. So we can choose converging to 
47r increasingly, and ak € TLi satisfying 

Jaki'^k) = sup Jafe(o-). 

aeHi 

Denote Ck = \cr\{xk) = maXxeM |c|(x). Passing to a subsequence, we assume p = Hm Xk- 

fc— ^ + 00 

Without loss of generality, we may assume blow-up occur, that is, +00. Take a local 

coordinate system {Q,x) around p. Using the idea in _S., we define a sequence of functions, 

ipk{x) = 2ak{(Jk{xk),crk{xk + r^x) - crk{xk)) 

for some > 0, where x G ^Ik with 

f^fc = {a; € I a^fc + rkX € ^l}. 

We then prove that, for suitable r^, 

^ _21og(l + 7r|x|2) in Cf^^{M.''). 

Then we prove that 

CfcCTfc ^ G in C'^iQ), m CC M \ {p}, 

where G is certain Green section. Finally, with the asymptotic behavior of ak described above, 
we can establish the desired inequality and thus Theorem 1.1. In fact, we can give an upper 
bound of the functional J^t,^ in case that the blow-up happens. 

Though we mainly follow the ideas in [Ej and |L-Lj . we should point out that, in this paper, 
the convergence of c^crk is derived differently from that of ^ or |L-Lj : The key gradient in ^ 
is the energy estimate 

(1.2) lim / \yuk\^dVg = ^. 

In this paper, though similar identity is used, the calculations are based on the local Pohozaev 
identities. We thank Professor Weiyue Ding who notice us possible application of the Pohozaev 
identity when we study the extremal function for Fontana's inequality on 4-dimensional manifold 
(see |L-Y) ). Moreover, the method we get the upper bound of J^t^ is also new: instead of capacity 
technique in jQ, we use a result of Carleson and Chang QC-Cj 'l as follows: 

Theorem A Let B be unit ball in M?. Given any sequence G Hq''^{B), if —r 0, and 
Ibs l^'^'-kl'^dx < 1, then we have 

lim sup / (e'''""^ - l)dx < vre. 

k^+OD Jb 

The paper is organized as follows: In section 2, we settle some notations for use later. In 
section 3 we prove that An is the best constant. Section 4 is blowing up analysis. We will prove 
the convergence of CkCTk in section 5. Then we finish the proof of our main theorem in section 6. 
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We hope our results can be a powerful tool in studying some problems arising from geom- 
etry and mathematical physics. In a forthcoming paper, we shall extend our results to high 
dimensional case and find some geometrical and physical applications. 

2. Preliminaries 

In this section, we clarify some notations. Take finite coordinate domains {^k} which cover 
M. Let £7 be a smooth section of E, on each O^, we can set a = Yl^=i u^^i- We define 

i,j k 

and 

\W\\m.'2{M,E) = X] 

k 

Clearly, such norm is equivalent to 

1 

/ (\V-\' + \-f)dvX . 

'M / 

Let cr be a parallel section, i.e. a G Hq. Then we have ||(7||j:/i,2 < C||cj||/^2. By the compact- 
ness of Sobolev embedding from H^'^ into L^, we have 

1. i?o is a finite dimensional vector space. Throughout this paper, we use Cir" i Cm to 
denote an orthogonal basis of Hq. 

2. Poicare inequality holds on Hi, i.e. for any a G Hi, we have 

/ W\'^dVg<C [ {Va,Va)dVg, 
Jm Jm 

then, on Hi, we can set 

which is equivalent to the H^'^ norm. 

Throughout this paper, we will use {Q,p; , x'^) to denote an isothermal coordinate system 
around p with p = (0,0). We can write the metric in such coordinate system as follows: 

g = ef^{d{x^f + d{x'^f) 

with fp{0) = 0. Moreover, we always assume ei, 62, • " ' ^^n to be an orthogonal basis of E in Q,p. 

We should explain some notations involving V$. Locally, when $ = ■u'^Cfe is a section of E, 
and V denotes the connection of E, then 



1=1,2 1=1,2 

When $ is a function, then V$ is just the tangent vector ■§~r-^ + ^gf?, and 

,9 , 9$ ,9 , 9$ ,9 , ,9 f , ,9 
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When $ = {u\--- e H^''^{n) x ••• x H^''^{n), we use |Vo$P to denote 



,k\2 

I VQt 
fc=l 

Throughout this paper we use Br to denote the following open set of 0^ 

1 2\ \ 1|2 I I 2|2 ^ 2i 

{(x ,x ) : \x \ + \x \ < r }. 
Finally, we use Aq to denote the standard Laplacian on 

+ 



3. The best constants 

The main task of this section is to prove the following: sup^^^^^ J^^ e^l'^l^dV^ < +00 for any 
a < Att, and sup^.^^^ fj^j e°'^'^^^dVg = +00 for any a > Att. Firstly, we need a result in |Chj (cf. 
Theorem 2.50 in [Au]): 

Lemma 3.1. Let Bj. he a hall in M^, then for any (3 < 2-k, we have 

sup / e^^'dx < C{r). 

/i3^(|V«P+«2)rfa; = l J Br 

Then we have the following: 

Corollary 3.2. Let B^ he a hall in M?, and u^, ■ ■ ■ ,m" E H^'^{Br). Then we have 

n 



sup 

E Jo (iv«>p+i««p)dx=i 



I e dx < C{r). 

J Br 



for any /? < 27r. 

Proof. We set Aj = /j^^(|Vti*p + |n*p)dx, then j^e ^« dx < C. Hence 

n n 

/ e -1 dx<Y\{ d^) " < C-i = C. 

Jo Jn 



□ 



Remark 3.1. Let Qp be a coordinate system around p, and 5^ C Op. Given a section 
fj = u'^Ck, we set C/ = (m\ • ■ • Clearly, |Vof/p + \U\'^ < C{{Va,Va) + \a\'^). Hence, for 



any a < we have 



c 



sup / e^l'^I'dK < +00. 



Jj,^{{S7a,Va) + \a\2)dV, = lJBr 

As an consequence, we have the following lemma: 

Lemma 3.3. There exists a positive number a such that sup^-g^^ /a/ ^"''^'^'^^ < +00. 
Denote a = sup{a : siip^^f^^ Jj^j e"-^"^'^ dVg < +00}. We shall prove that a = Att. 
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Lemma 3.4. a < Air. 

Proof. Let dp be a coordinate domain. By Moser's result |M], we can find a sequence {u^} C 
Ho''^{Bi) such that /^^ \VoUk\'^dx = J^^ \Vuk\^dVg = 1, and J^^ e^^'^+i^^'fedV^g > k as k ^ 

+00. We set 

m 

(^k = UkCi -'^{ukei,Ci)L^Ci ^ Hi. 
1=1 

Since ||ufc||j;^2 — > 0, we get 



/ {Vak,S/ak)dVg ^ I, and / e(^"+i)l"'=l'dyg 
7a/ Ja/ 



oo. 



□ 



Next, we prove an energy concentration phenomenon as follows: 

Lemma 3.5. Leta^^zTCi. If 
(3.1) lim / e^l'^'^I'dFg = +oo 

for all a > a, then passing to a subsequence, ^ in H^''^{M, E), and 

{VOk,VcFk)dVg —r 6p 

for some p (z M . 

Proof. Without loss of generality, we assume 

o-fc ^ do weakly in H'^''^{M,E) 
Cfc ^ ctq strongly in Lp'{M,E). 

We first claim that uq = 0. Suppose not, we have 

/ (VK - t^o), V(afc - aQ))dVg ^ 1 - / (Vao, VaQ)dVg < 1. 
Jm Jm 

Hence we can find a ai > a such that e"^l'^*l^(iV^ is bounded, which contradicts (3.1). 
Secondly we show the concentration phenomenon. Suppose 

Taking rj G C^{Bs{p)), r/ = 1 on B^i2{p), one can easily see that 

lim sup / {V{r]ak),V{r]ak))dVg < 1. 

fc^+oo J Bs{p) 

Hence e'*''^''!^ is bounded in L'^{M,E) for some a > a. A covering argument implies that el'^*'!^ 
is bounded in L'^{M,E) for some a > d, which contradicts (3.1). □ 



Corollary 3.6. a = in 
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Proof. By the definition of d, we can find a sequence € 7ii such that 



Then, applying Lemma 3.5, we get 



hm / e^^+^^\''^\^dVg = +00. 



{Vak,Vak)dVg ^ 6p, and / \ak\'^dVg ^ 0. 

J M 



Hence, for any t] which is near p, we have f (|V(r/cjfc)p + \'>](Tk\'^)dVg — > 0. Applying Lemma 
3.3, one can find a subsequence (still denoted by 0"^) such that 



lim / e'l^'^'^I'd^p = Vol{n) 



for any Q CC M \ {p} and q > 0. 

In coordinate around p, we set = u\ei. It is easy to check that 

lim / V|^Pdx = l, 

where rj' is a cut-off function which is 1 on Br- Then, similar to the proof of Corollary 3.2, we 
can deduce from Moser's result [Ml that 



lim / e^l'^'-l^dx < +00 
■^+°° Jb,. 



k- 

for any q < An. Hence a > 47r, which together with Lemma 3.4 implies a = Att. □ 

In a similar way, we can prove the following 
Proposition 3.7 For any a < Att, 

sup / e^l'^I'dT/g < +CX), 
o-eH2 J M 

and for any a > An, 



sup f e"l^ 



\''dVg = +00. 



4. Blowing up analysis 

Let Ofc be an increasing sequence which converges to An. In this section, we shall consider a 
sequence of sections at which attains sup^^i Ja,,, and analyze its blow-up behavior. First of all, 
we prove the following 

Lemma4.1. The functional Ja^{a) defined on the space Tii admits a smooth maximizer 
(Tfc E Wi. Moreover, we have 

(4.1) lim / e"*l'^'=l'dyg = sup / e^^l'^I'd^^. 
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Proof. It is easy to find G Hi such that 



JcMk) = sup JQfe(o-). 



One can check that CTk satisfies the following Euler-Lagrange equation: 



(4.2) _^^^='^e^.W.? -Y,llC^, 

i=l 

where A = V*V is defined as follows: for any r € H^''^{M, E) 



[ {Vak,VT)dVg = [ {Aak,T)dVg. 

J M J M 

It is easy to check that 

(4.3) \k = I Ic7fcpe"^l"*l'dyg, and 7^ = / ^^^^e'^^\''^\' dV, 

Jm Jm 

Let Qp be an coordinate system around p. We set 

o-fc = ulei, and Uk = {ul,ul ■■■ ,ul), 

and 

Vej = T^jidx^ ® ei. 

Then, we get a local version of (4.2) 



a- 



where and are smooth on ()4.4jl can be written for simphcity 

-AoC/fc = e/-(^^+'-'=^)^e-'=l^^l' +T(Vt/fc) +i?(t/fe) - ^7^([/,,C,). 

i 

The standard elliptic estimates implies that cr^ S C°^(M). 
Since for any fixed a G Ti, 



M JM 



(4.1) follows immediately. □ 

We assume that 
(4.5) lim / e^l'^^I'dT/g = +c5o 

for all a > 4:TT (Otherwise, by the weakly compactness of L^, passing to a subsequence, we have 

lim / e"l'"'=l'dyg = / e^l'^oI'dT/g, 
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where ctq is the weak hmit of a^- Hence, Theorem 1.1 holds). It follows from Lemma 3.5 that 
(Vo"fc, Vo"fc)(iV^ 6p. Given any 17 CC M \ {p}, we take a cut-off function r] which is at p, 
and 1 on 17, then 

/ {Vr]ak,V'nak)dVg = / r]'^ {\7ak,Vak) + 2r]{akdr],Vak)dVg + / {akdr],akdrj)dVg ^ 0, 
Jm Jm Jm 

hence /Q(|Vr?a"fep + \'r]ak\'^)dVg 0. By Lemma 3.7, e^'-'I'^'^l^ is bounded in L'p{^}) for any p > 0. 
Standard elliptic estimates imply that ^ in C°°(r2). 

Lemma4.2. Let = /^f ^x^e^^l'^^l^ciyg. Then, we have 

\k 

liminf = +oo, liminf — = +oo, and limsup7fc < +oo. 

fc^+oo k^+oo Pk k^+oo 

Proof. For any fixed > 0, we have 

lim / e"*l'"'=l'dyg = / e° = Vol{M). 

Then 

lim [ e"*l'"^l' < Vol(M) + lim 4o / kfcPe°'=l'"^l'(iK < Vol(M) + lim 



If lim Xk < +00, letting — > +oo, we get 

A;— »+oo 



[ e^'^l'^^ I'dT/g < Vol{M). 



However, it follows from 1)4.1(1 that 



lim / e'^^l'^'^I'dT/g = sup / e^''^''^' dVg > Vol{M). 



k—f+oo 



Therefore, liminf = +oo. 

In the similar way, we have ^ — > +oo. Then, we have 

|2 



hi\ <ci + C2 / ^-^e'"'\'"^\'dVg < C 



'{kftP>l} 

for some constants ci, C2 and C depending only on M. Moreover, we have 

/I I [' AnN^ 1 

\^e">^\-'^\'dVg < / + ^\a\'e"-\--\'dVg). 

M J M M -^fe^V 

Letting k — > +oo, and then N —>■ +oo, we get ^ 0. □ 

Let Ck = = maXa;gAf |(Tfc|(x). By ()4.4|) and (|4.5j) . — +c». Passing to a subsequence, 

we assume Xk p- Set = AfcC^^e~"'='^fe. Since 

1= / Me".l-I^dy, < ie^^i / e^l-lW, < C7#e^^i, 
Jm Afc Xk Jm ^k 

we get 

r^e 2 ^ 0, as k ^ +oo. 
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Let rip be a local coordinate system around p, = u^Ci and Uk = (u^, • • • , u^)- Denote 

Vfe(x) = Uk{xk + rfcx), Dk = Uk{xk) 

and 

Ck = (4, • • • , cl!) = ^ / Vkdx. 

1-^1 1 Jbx 

A direct calculation shows 

(4.6) -^o{Vk - Ck) = c- Vfce"'=(l'^'=l'-^'^)+^(^'=+^'=^) + Tk. 
where H^fcH^^a ^0. Hence 

loc 

-Ao(Ffc-C7fc)^0 in L2^^(M2,M"), and / \V{Vk - Ck)\^dx <l. 

J Bl 

Then, by Poincare inequality, one has \\Vk — CkWi'^^B]^) — C{L) for any fixed L > 0. By the 
standard elliptic estimates, Vk - Ck ^ V in C;°'"(M^M") for some V e F1'2(IR2^ M"). Notice 
that Jjg2 VoWoV'^dx < 1, Liouville's theorem gives ^ = 0. Furthermore we obtain 

(4.7) Vk-Dk = (Vk - Ck) + (Ck - VkiO)) ^ in C°;"(M2, M"). 
Let 

Wk{x) = 2akDk{Uk{xk + rkx) - Dk)^. 

Then we have 

(4.8) -Aowk = 2afce^("^+'^^")(l + ^^(^fc " ^k)'^ ya,{W,\H-k+r,x)-cl) ^ jr, 

4 

where ||.F'fc||^2 0. It is easy to see that on 

loc 

{DkUk){xk + rkx) < \Dk\ X pkixk + rkx)\ < cl- 

Hence 

Wk{x) < Wk{0) = 0. 

Then the identity 

afc(|o-fcP - c|) = Wk + ak{Vk - Dk){Vk - Dk)^, 
together with Harnack inequality and standard elliptic estimates, gives Wk ^ w in C'|^'"i'ro2^ 
where w satisfies 

-Aow = Svre"' in 
w(0) = supig2 w = 
( k.e-dx<l. 

By a result of |C-Lj . we have w{x) = — 21og(l + vrlxp) in and = 1- 



In the rest of this section, we will discuss the convergence of Pk(^k- 
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Proposition 4.3. Pk(^k G weakly in H^'^{M,E) for any 1 < q < 2, and Pk(^k G in 
C'^in) for anynccM\ {p}, where GeC^{M\ {p}) satisfies 

m 

(4.9) -AG = e5p-Y,{0,CiKi 

i=l 

for some 9 e Ep. 

Proof Since cxfc ^ in C°°(M \ Bs{p)), and §^ ^ 0, then for any ip G C°°(M, E), we have 



f3k{<P,crk) 



e^kWkl ^ 0. 



M\Bsip) h ^ 

On Op, we set 

and 9 = O^ei. It is easy to see that 

k2^e-''\-^\'dV,^{ip,9). 

M 

Moreover, we have 

J M 



1. 



I. 



M 

for any G C°°(M, E). Then, we get 



9 



1/ 



likiW,QdVg\<M\co, 

M 



therefore, sup|/3fc7A;| < +oo. 

k 

Let = Jj^ \(5kC^k\^dVg. Firstly, we need to prove supj^mfc < +oo. If ruk — > +oo, then 



|A^^^||^i 0. It follows from Proposition 7.1 in the Appendix that 



ruk 

in H^'P for any p < 2. Hence it follows from Poincare inequality and compact embedding of 
Sobolev space that ^ in L^, which contradicts j'j^ I ~ 

Since sup^rrifc < +00, applying Proposition 7.1 again, we get (ik^^k converges weakly in H^'P 
for any p < 2. Therefore ||/3fecrfc||i,9 < C{q) for any g > 0. Assume PkCTk —r G weakly in 
H^'i(^M,E). Then we have by Lemma 4.3 and standard elliptic estimate, 

l3k(Tk^G in C'^{n), VJ^CCM\{p}. 

Testing the equation satisfied by Pk^^k with (/) G C°°{M, E), one has 

J^{V<j>,Vl3kak)dV, = /^M^e"'=l-'=l^dF,-E/M(^.«0>rfV-. 

- {0,m)-j:T=i{OXiip))lMi'f>'QdV,. 

Hence 

/ {V<j>,VG)dVg = {9,cj>){p)-J2{d,Q{p)) {cf>,Ci)dVg, 
Jm Jm 
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and whence ()4.9|) holds. This completes the proof of the lemma. 



□ 



5. Applications of Pohozaev identity 

In this section, we will calculate lim Jj^j e'^^^"''^^ dVg. The key gradient we use is Pohozaev 

k — ^+00 

identity. Let Bs{p) C ^Ip. Testing equation 1)4.21) with rj{r)rV a_ak, we have 

dr 

{Vr]{r)rV a_ak,S/ak)dVg = {r]{r)rV _a_crk, at) — ^ dx+ lk{'niT)rV a_(Tk-,C,i)dVg, 

Bsip) JBsip) Afc JBg{p) 

where is a cut-off function which is outside dB^ and 1 on Bs^ , r = {x^Y + (x^)^. 
(V77(r)rV^crfc, Vo-fc)o = E(Vjr?(r)a;PVpCrfc, Vjcrfc)o 

ar j 

= r]{r){Vak, Vak)o + r]'{r)^{Viak, Vjak)o + r]{r){x'VjViak, Vjak)o 
= ri{r){Vak,Vak)o + ??'(r)^(Vicrfe, VjO-fc)o + r/(r)(x*ViVjcrfc, Vj(Tfc)o 

+r]{r) J2{x'RijCrk, VjCrfc)o 
= 'n{r){Vak, VCTfc)o + r]'{r)^{Viak, S/jak)o + ^v{r)r^{Vak, ak)o 



+7]{r) Yl,{x'Rij(Jk, Vjcrfc)o + ??(r)5'o(Vo-fc, Vcxfc), 

where 5o = e'^ S, and 

1 d 

S{ai,a2) = -{r—{ai,a2) - {rV a_a 1,02) - {ai,rV a_Va2)). 

2 or Or dr 

Since we do not assume V/i = 0, 5 7^ generally. We set 

r/(r) = 



1 r <S 

^-^^ 6<r<6 + a 



^0 r>5 + a. 

Letting a — s- 0, we get 



XX- 



dBsip) r J Bs(p) 



{Viak,\7jak)odS + S{Vak,Vak)dVg. 



Clearly, 

y"^^?'2^( J ^^{Vak,Vak)od0)dr 



1 ^ 

-r— (Vo-fc,crA;)oaa; 



5/ r{Vak,Vaj)odS - {ak,ak)odx. 
J dBsip) J Bs{p) 
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Then 

/(' ^ — > f X^X"^ 
{VrV _d_ak,Vak)odx = / } ix' Rijau^V jak)odx - l {V iak,V jak)odS 
Bs(p) ^"^ ^Pij •' ^^'^^ ^ 

+\ r{Vak,Vaj)odS + S{Vak,Vak)dVg. 

J dBsip) J Blip) 

On the other hand, we have 

/ e-f{rV^ak,ak)o—^ dx = e'^ r-{ak,CTu)o—. dx + A^e<-u\'ru\ ^Vg 

J Bs ^ifc J Bs 9r Xk J Bs h 

and 

/ {rV ^ak,ak)o—^ dx = / 2TTr^ — { ^^e-fdd)dr+ r^dVg. 

J Bs Xk J or J s-i ^ctkXk J Bs o^kXk or 

r —dSg - / —dVg 

dBs(p) (^k^k J Bs{p) (^k^k 



+ 1 '^r^dV. 
J Bs "fe-^fc 9r ^ 



Therefore, we get 

/gQ!fekfcP r ppik\<Tk\'^ r 
(l + 0(r)) —dVg = / r ^dSg- y^{x'Ri,ak,V ,ak)odx 

Bs(j>) OlkXk J dBsip) OLkXk J Bsip) 

f x^x^ 1 [ 

- / (Vjo-fc, Vj(Tk)odS - - I r{Vak, Vak)odS 

J dBs(p) r 2 J QBsip) 

+ [ liiviryV ^akXi)dVg 
J Bs 

J Bs ^k 

Firstly, letting k — > +00, we have 

/ li{r]{r)rV ^l3kCTk.Ci)dVg < C||V/3fcafe||^i,<, ^ C||VG||^i„(b,) 

J Bs ^"^ ^« 

and 

f Y.^{x'Rijl5kak,Vjl3kC7k)o+S)dx < C\\f5k(Jk\\L.\Bs)\\^ f^kC^kWi'^iBs) ^ 

J Bs(p) ij 

where 1 < g < 2. Secondly, applying Lemma 7.2 in the Appendix, we get 

/X^X"^ 1 f 
{^iPk<^k, Vj^jfcC7fe)od5'o + - / r{V(3kcrk, Vl3kaj)odS 
dBsip) r 2 J dBsip) 

^{^.G,VjG)odS-l- [ r{VG,VG)odS 

J dBsip) r 2 J QBsip) 

= h + om 

Thirdly, since (7^ ^ in dB^, we get 

r e^^fcl'^fcl" \dB5\ 
J dBsip) "fe 47r 



L^iBs) 
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Finally, we set S{ai,a2) = {Aai,a2), where H^Hc" = 0{r). Take a cut-off function ry which is 
outsider B2S and 1 in Bs with \Vri\ < |. We have 



[ {AVi]cTk,Vak) = [ {VAr]ak,Vak)dVg- [ {{VA)ak,V(Tk)dVg 

J B2s{p) J B2S{P) J B2s{p) 



Hence, we get 



(5(V(Tfc, Vafc) - S{ak,ak)—, )dVg 

^O(l)/ {{VA)i]G,VG)dVg + 0{5) [ 7]\VG\'^dVg. 

J Box(v) J Box(v)\Bx(v) 



So, we get 

lim / (i+0{r))e'"'\''>'\'dVg=^-^+ lim ^ + h{S), 
where lim^^o h{5) = 0. Clearly, ^^f^jM\Bs{p) e""^^""^^ dVg = \M \ Bs{p)\, we get 

(5.1) lim / e''^\'"^\' dVg = Vol{M) + lim ^. 

k^+00 J jyj 

The following lemma is very important: 
Lemma 5.1. we have ^ ^ 1. 

Pk 

Proof. Since 

|2 



Pk Jm ^k Jm ^k 



Pk 

we have Ck > Pk- 

Assume the lemma is not true, then we can find A > 1 such that ^ > 71/3^ for sufficiently 
large k. Denote 

T = lim — = r Cj. 

fe— >+oo Cfc 

Without loss of generality, we assume > 0. By the equation (|4.4|) . we have for any fixed 
L > 0, 



M 



A ^k 

> I (^k A ^^^ e"^l-^l^rfyg + Ofc(l) 

BLr^ixf,) ^k 

A J ci 



Bl{0) 

Letting k — > +00, then L +00, we get 

,1 ul{xk). + .2.., . 1. l2 



hminf / |Vr?(4 - ^^)+\^dVg > (1 - i)ri 



MOSER-TRUDINGER INEQUALITIES FOR VECTOR BUNDLES 15 
Let = rju^'^Ci = ri{mm{u\{x), jei + Yl ^k^i)^ where is a cut-off function which is 

i=2 

M \ B2s{p), and 1 in Bs{p). Since 



A,i,2 

I V Of' 

i=l 

we get 



hmsup / (iVa^p + \a^f)dVg < 1 - ^r^' < 1. 
Then, by Proposition 3.7, e"*l'^fc ' is bounded in L'^ for some q> \. Since 

In the same way, for any r*, we have 

Since |r| = 1, we obtain 

/I |2 



> A hm / ^e^'^l'^^-I'd^g 

fc-^+oo J {xenp:\ul\>AT^l3k,Vi} 



u,yg 

PkWkl 



>A hm Me''>^\"^\"dVg-A hm V / . ^^e^^l^^I'dF, 

fc-^+oo J jv/ Afc fc^+oo^-^J ||„»|<l!£fc| Afc 

/ L I I — J 



= A. 

This contradict with the choice of A. □ 



Corollary 5.2. We have t = 6, and 
(5.2) lim / (e"'=l'^''-l' - l)dVg = lim hm / 



Proof. By a straightforward calculation, we have 

[ e^'^l'^^I'd^g = % /" e"'da;(l + o(l)). 

BLr^^iXk) <^k J Bl 

The above inequality together with 1)5.11) implies 1)5. 2() . 
It is not difficult to check that 

lim lim / ^e-^\^-\' dVg = I, 



and 

L^+oo fc-.+oo y B (^^.) Xk 



lim lim / ^e"^l"^l'dT4 = r* 
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Hence 

\e'-T'\= lim lim / ^e'^^l'^^I'dl^p < 1- lim lim / ^^e^^l'^l'dy^ = 0. 

□ 

6. The proof of theorem 1.1 

On Qp, we set = • • • , The following lemma is very important for the rest of 

our arguments: 

Lemma 6.1. We have 

[ \VoUk\^dx< [ {Vak,Vak)dVg + ^, 

where p{6) is a continuous function of 5 with p(0) = 0. 
Proof. It is well-known that 

/ |VoC/fepdx= / |VoC/fe|'cix. 

We set ^ ^ 

where ^^"s are smooth functions. Hence, we get 

IVoUkf = \VoUkf - 2{A{ak),Vak) + \AUkf. 

Since 

[ cl{A{ak),Vak)dx < C(/5 |A(cfeafe)|«dx)^ (/^^^^^ |Vcfe(7ik|fdx)^ 

J Bsip) ^ ^ 

^C{!^,(p)\G\''dx)\Uj,^^^^\VG\Pdx)l', 

we get 

/ {A{ak),Vak)dVg<^. 

JBs(j,) Ck 

Similarly we have 

JBs(p) 



5(p) 

The lemma follows immediately from the above two inequalities. □ 

On rip, we can write G as follows : 

G = J^r + Sp + e. 

where Sp is a constant section, and 6 is continuous local section of E with ^(0) = 0. Then 
Theorem 1.1 follows from the following proposition: 
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Proposition 6.2 // ( |^.5D holds, then we have 

sup / e^^l'^I'dV; < yo/(M) + 7re^+^^<^'"f>. 



Proof. Set Yfc = (C/fc — Lk)~^, where 

Lk = ihr ■ ■ ,ln) = sup C/fc = 0(— ; 

Then Yfc G hI'^{B5,W), and 



/ |Vonpdx<l-/ lVG|2dyg + 05(l)^. 

J Ba(v) Jm\Ba(v) C,. 



5(p) Jm\Bs(p) 
By Lemma 6.1 and Proposition 7.2 in Appendix, we have 



where hm Um e(k,6) =0. Let 

(5^+0fc->+oo 



/ iVYfcl^dx < 1 ^-^-^ 



1 



1 , , -^log<^+(r,gp) + e(fc,,5) „ ,log^. 



-^log5+(T,Sp)+e(/c,5) 



By Theorem A and the method we used to prove Corollary 3.2, we have 



5(P) 

If Ui < Ik, we have on Birki^k) 



limsup / e"'='''''l'^'=l^dx < 5^(7re + vr). 

fc^+oo J Bs(p) 



Hence, we have = — + -7;^ for sufficiently large k. A straightforward calculation shows 
on Birkixk), 

.0 , ~ ,o ~ ,~ ,o , — log (5 + (r, Sr,) ^ 

^kYk^= Uk^-2UkLk+ Uk\ ^ ' '" )+ei5,k). 

4 



It is easy to check that 



lim CkLl = -—log (5 + sign{T')Sp + 05(1), 



27r 

and on Bir^ixk), 

^ = n,---,ir"i)+^. 

Cfc Cfc 

Recall that |r| = 1, we get 



IJkLk = -7^ log (5 + (r, Sp) + e'(5, k), 
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where lim lim e'(5,k) = 0. Since [t/fcP/c? — > 1 as /c ^ +oo, we have 

\Uk\^ < ^k\Yk\^ - ^ log5 + (r, sp) + e'{5, k). 

Letting k —>■ +oo, then L +oo, and 5 ^ 0, we get 
(6.1) 

hm hm / e^'^l'^'^I'd^g < ^e^+^^<^''''> lim hm / e"'='''=l^*l'(ix < +oo. 

Then by Corohary 5.2, we obtain 

hm hm / e""'^"*^^^ dVg = \Bp\, Vp > 0. 

Clearly, 

iXfcP < l^^^fcP = kfcP, and afct?fc|Yfcp < afc|C/fcp -21og(5 + C. 

Hence 

lim lim / e^^'^^^^^^^dx <0{6-^) [ e''^^'''^^' dVg = 0{5'^)\Bp{p)\. 



It is easy to see that for any fixed p > 



f e''>'^>'^^>'^'dVg ^\Bs\Bp\. 



Bs{p)\Bp{p) 

Letting p ^ 0, we get 

lim lim / e"'='''=l^'=l'dx = 7r5^ lim lim / e"'^'^''^^''^^ dx < d'^ire. 

L^+ook^+ocJ Bs(p)\BLr^(xt,) L-»+oo fc-.+oo y fi^^J^^.) 

Then the Proposition follows from ()6.1|) and Corollary 5.2. □ 



7. Appendix 

We will prove two propositions which have been used in section 5 and section 6. Since the proof is 
routine, we prove them in this appendix. The first proposition is an extension of Theorem 2.2 in i52] : 

Proposition 7.1. Let a be a smooth section of E with the equation 

Aa = f. 

UIWWl^ ^ 7 '^'^'^ ^ 1; then for any q <2, there is a constant C{q) which depend only on q ^ and 

M, s.t. 

Mm-^<Ciq) 

Proof. For any p G M, we take a cut-off function which is 1 in Br and outside B2r- Write a = u^Ci. 
Given < > 0, we set u*'* = min{7yu',<} and cr* = u^^'^ei. Then 

{f,rj^a')dVg ^ f {fi^a\Aa)dVg. 



M JM 



We get 

/ 

when t is sufficiently large. 



J BJv) , 
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Let ul be the rearrangement of ?7U% and /iH2(Bp) = /Lt]K2 {r/u*'* > t}. Then we have 

inf \Vv\^dx : v G i?o'^(Br) and 1;]^^ = i| < Cf. 



On the other hand, the inf is achieved by —t log — / log - . By a direct computation, we have 

tiM{{x G Br : vu' > t}) < Cti^n{{x e Br : vu' > t}) = Cti^n{Bp) < C(r,p)e-^('-'P)*. 
Hence, we can find a constant A, s.t. 

\{nu^ >t}f\Br\ <e-^\ 

In the same way, we get 

|{W < -t}f^Br\ < e-^'K 

By the compactness of M, we get 

\{\<y\ >t}\ <e-^°* 

for some 60 and sufficiently large t. Then, for any 6 < 60, 

/oo 00 
e^^'^^dVg < J2 <u<m+ l})e''('"+i) < ^ e-(So-S)m^5 < ^ 

m=0 m=0 

Locally, we denote U = {u^, - ■ ■ , w"), then 

Aou' = f + Tl{\/U) + mU), 

where Ti and T2 are smooth and linear at each point. Testing the above equation with the function 
r]-^ log 1 where 77 is 1 on Br and outside B2r- We obtain the following 

/" ^ I Y7 |2 /■ 

where Ti' and T21 are smooth and linear at each point. Since Jj^ e^^'^^dVg < C{6), we have 

j+12 



•^B.^ (l + 2«*+)(l+M*+) 



Given g < 2, by Young's inequality, we have 

i+l2 



< f ( 1^""' I' ^ + Ce'-'^] dx. 

i V(i + + 2«»+) y 



In the same way, 

/ \Vu'~\''dVg <C{q). 

J Br 

Again, by the compactness of M, we get 
for some C{q). 



□ 
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On Clp, we can set 



we have the following Lemma: 



los r 

G = -^T + sp + e, 



Lemma 7.2. There are constants 7 e (0, 1) and A> 0, s.t. 

\Ve\{x) < Ar^-^, 

when X is near 0. Therefore, we have 

[ \VG f dVg = -^ log 6 + {T,Sp) + os{l). 

Jm\Bs(p) ^'^ 

Proof. Let 9 = v^Ci, and V = {v^, - ■ ■ we have the equation of V 

-AoV = -VQiVV + -Q2^ + F, 
r or 

where Qi Q2 and Q3 are smooth matrix, is a smooth vector function . Hence V S Wf^^ for any p < 2. 
Clearly, we can write 

or oxi r r 

where are constant vector, and = o(l). Hence 



where F2 e i^c- Then 



-AoXmV = A^^+XmF2 + ^e 

for any g' > 0. Hence, wo get 

\\XrnV\\ci(B^) < \\V\\cO(B,^)2r + C{l + \\VV\\L2.)rV 

for any q > 1. Notice that V{0) = 0, and then V = 0{r'^) for some 7 > 0, we get 

dV 

\xm-g^^{x)\<Cr^ 

for some 7 > , any i,m= 1,2 and x ^0. In the end, we get 

|Vy|(a;) < |a;|T-^ 



□ 
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